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Abstract 
The usual setting for Functional Analysis is the category LCS of locally convex topological 
vector spaces. There are, however, advantages in working in a larger setting, the category CVS of 
convergence vector spaces-even if one’s interest is restricted to LCS. In CVS, one has access to 
a dual structure, continuous convergence, unavailable in LCS. 
We show that theorems such as Grothendieck’s completion theorem, Ptak’s closed graph and 
open mapping theorems and the Banach-Steinhaus theorem are transformed from technical results 
in LCS to transparent and elegant results when examined in CVS with continuous convergence. 
In the theory of distributions, important bilinear mappings such as evaluations, multiplication and 
convolution, which are separately continuous when viewed in LCS, become jointly continuous 
in CVS. 
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Introduction 
Functional Analysis began in the setting of Banach spaces. Generalizations of results 
here took various directions. The first abstracted the notion of open ball to open set and 
hence a topology. This was very successful and, in the category LCS of locally convex 
topological vector spaces and continuous linear mappings, many of the important results 
in BAN were generalized to a much larger setting. 
Two other directions emerged. In one, the notions of bounded set and bounded linear 
mapping were abstracted. The resulting category BVS of bornological vector spaces and 
bounded linear mappings [15] contains BAN and, although it does not contain LCS 
entirely, LCS is well represented in BVS through the “bornological” spaces. In another 
direction altogether, the notions of convergent sequences and filters and continuous linear 
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mappings were abstracted, resulting in the category CVS of convergence vector spaces 
and continuous linear mappings. CVS is the largest of the three categories, containing 
LCS through the natural convergence in a topology and containing BVS through Mackey 
convergence. 
Although LCS was the first generalization of BAN and, for most functional analysts, 
is still the primary one, LCS suffers from some very serious deficiencies. For example, 
inductive limit objects in LCS are very far removed from their component spaces with 
the result that preservation of properties of the component spaces or lifting of properties 
from the limit is very difficult. Also, countability properties in locally convex spaces 
come into play all too rarely. With the exception of Frechet spaces, complete met&able 
locally convex spaces, one can seldom use sequences or series with any great effect. 
The most serious drawback of LCS, however, is the lack of a “natural” dual structure. 
There are, certainly, many topologies on the dual space of a locally convex space: weak, 
weak-*, strong, compact-open, Mackey... to name a few. But all of these have serious 
problems. Consider, for example, the strong topology on the dual. The strong dual F’ of 
a locally convex space F does not distinguish between different spaces F. Whenever two 
locally convex spaces Fl, F2 have the same dual space and the same bounded convex 
sets, F( and F,’ will coincide. Also reflexivity in LCS, driven by bounded sets, is an 
unusual condition. While reflexive spaces are not uncommon, many of the best spaces, 
e.g., Frechet spaces, may fail to be reflexive. 
Some of these problems disappear when working in either BVS or CVS. Inductive 
limit objects in both of these settings are much closer to their components. As a result, 
properties of the components are more readily preserved by the limit and properties of 
the limit more easily lifted. Countability properties abound. And, reflexivity in CVS is 
a very different, very natural property. 
It is the intention of this paper to show that CVS is an excellent setting in which to 
do Functional Analysis, even if one’s interest is primarily locally convex spaces. The 
acquisition of structures like continuous convergence unavailable in LCS and the ready 
access to countability properties more than offset the problems of working in a larger 
setting. 
We will show too that, on occasion, classical Functional Analysis has actually made 
implicit use of continuous convergence. 
Preliminaries 
Let X be a set and suppose that to each z in X is associated a collection X(z) of 
filters on X satisfying: 
(i) the ultrafilter {A c X: IC E A} E X(x), 
(ii) if 3 E X(z) and B E X(z), then the filter 3 0 G = {F U G: F E F, G E G} 
also belongs to X(z), 
(iii) if F E X(z) and &7 > F, then D E X(z). 
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The totality X of filters X(Z) for z in X is called a convergence structure for X, the 
pair (X, X) a convergence space and filters 3 in X(Z) convergent o Z. We write 3 + z 
instead of _F E X(Z). 
A mapping f :X + Y between two convergence spaces X and Y is continuous if 
f(F) --+ f(x) in Y whenever 3 + IC in X. 
Let E be a vector space over the scalar field K of real or complex numbers and 
assume X is a convergence structure on E. The pair (E, X) is a convergence vector space 
if X is compatible with the algebraic operations on E, i.e., if the mappings addition 
+ : E x E -+ E and scalar multiplication . : K x E + E are continuous. In other words, 
set: 
l if .F -+ z and 6 + y in E, then the filter F+G generated by {F+G: F E F-, G E 
G} converges to J: + y in E, and 
l if 3 + z in E and R -+ r in K, then the filter ‘R . F generated by the sets 
{R . F: R E R, F E F} converges to T . x in E. 
Every topological space is clearly a convergence space, the convergent filters at each 
point being precisely those finer than the neighbourhood filter. The converse is not true: 
a convergence space need not be topological. Likewise every topological vector space, in 
particular every locally convex space, is a convergence vector space. Like a topological 
vector space, a convergence vector space is a uniform space [13] and the convergent 
filters at any point are just translates of the null filters. Again the converse fails: a 
convergence vector space need not be a topological vector space. We now introduce the 
most important example of a convergence vector space. 
Let E and F be convergence vector spaces and let C(E, F) denote the space 
of all continuous linear mappings from E into F. Consider the evaluation mapping 
ev: C(E, F) x E + F defined by ev(f, Z) = f(x) for all x E E and f E C(E, F). 
We say 3 -+ x in C,(E, F) if, whenever d -+ x in E, the filter ev(3 x d) = F(d) 
(generated by the sets P(A) = {f(a): f E P, a E A} for P E 3 and A E A) converges 
to f(x) in F. This is the continuous convergence structure on L(E, F). 
Note that continuous convergence was defined in such a way that ev : &(E x F) x 
E + F is continuous. It is well known that there is no locally convex topology on 
L(E, F) making this evaluation mapping continuous unless E and F are normed spaces. 
Continuous convergence is seldom topological. 
When F = K the scalar field, one denotes C,(E, K) by &(E). This is the continuous 
dual of E, the canonical dual of a convergence vector space. It is well known [lo] and 
easy to see that, for the important case when E is a locally convex space, &(E) = 
ind(U’, weak-*) the CVS inductive limit of the polars U” of zero neighborhoods in E 
carrying the weak-* topology. Since each (U’, weak-*) is compact and each convergent 
filter in L:,(E) contains such a set, L=(E) is locally compact. For a locally convex space 
E, L,(E) is topological only if E is finite dimensional [ 10, p. 501. 
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1. Grothendieck’s completion theorem 
One of the first appearances of continuous convergence in connection with classical 
Functional Analysis was Grothendieck’s completion theorem. Grothendieck proved (see, 
e.g., [17, p. 2481): if E is a locally convex space, then the completion E of E consists 
of the set of linear functionals on L(E) whose restriction to each polar (U’, weak-*) is 
continuous, equipped with the topology of uniform convergence on the equicontinuous 
sets of L(E). 
In [ll] Butzmann proved: if E is a locally convex space, then ,!? = .&C,(E), i.e., 
the completion of any locally convex space is its continuous bidual. Jarchow (cf. [18, 
p. 1761) showed that Grothendieck’s and Butzmann’s result were the same. 
It is interesting that, while Grothendieck’s result appears to give the completion E as a 
bidual of some kind, there is in fact no locally convex dual being used. The appropriate 
structure for his theorem was continuous convergence and he was implicitly using it. 
The equicontinuous subsets of L(E) are the precompact subsets of &(E) and uniform 
convergence over these yields f&(E) [ 121. 
This was one of the first indicators that continuous convergence and the continuous 
dual functor CC(.) might prove very useful for duality for locally convex spaces. Worth 
noting are two points in particular. ,C,(.) does distinguish any two complete locally 
convex spaces Fi , Fz. The duals &(Fl ), L,(F ) 2 must be different since otherwise the 
biduals FI = L,L,(FI) and F2 = Lc,L,(F2) would also coincide. Also, continuous 
reflexivity is a very natural and easily occurring phenomenon: every complete locally 
convex space is continuously reflexive. 
2. Ptik’s closed graph and open mapping theorems 
The first closed graph and open mapping theorem were proved for Banach and FrCchet 
spaces [l] and used the Baire category theorem. Pt&k [22] broadened the scope of these 
theorems enormously. Some of the key notions which arise in his work are the following. 
Let E, F be locally convex spaces with zero neighbourhood filters 24, V respectively. 
Then 
(i) a linear mapping f : E -+ F is nearly continuous if, for each V E V, f-l (V) is 
a zero neighbourhood in E, i.e., if f-‘(V) c U; 
(ii) a linear surjection f : E -S F is nearly open if f(Z4) c V; 
(iii) a subspace A4 of L(F) 1s aw* closed if, for each V E V, M n V” is weak-+ 
closed; 
(iv) a locally convex space F is fully complete (B-complete) if every aw* closed 
subspace M of L(F) is weak-* closed. 
Pthk’s closed graph theorem [17, p. 3121. If E, F are locally convex spaces, F fully 
complete and f : E + F is nearly continuous with a closed graph, then f is continuous. 
R. Beuttie / Topology und its Applicutions 70 (I 996) 101-l 11 105 
Ptik’s open mapping theorem. If E, F are locally convex spaces, E filly complete 
and f : E + F is a continuous and nearly open surjection, then f is open. 
The key notions mentioned above arose naturally enough. Clearly near continuity and 
near openness approximate continuity and openness. Moreover f : E -+ F is always 
nearly continuous if E is barreled [17, p. 3011 and nearly open if F is barreled. When 
f : E --+ F is nearly continuous, the domain 2) = {‘p E L(F) ( p o f E L(E)} of the 
adjoint f’ has the property of being aw* closed in L(F). 
However, having said this, the proofs of Ptak’s theorem remain technical rather than 
transparent. It is not clear what is actually happening. We characterize the key notions 
in the light of continuous convergence and give more transparent bidual proofs of Ptak’s 
closed graph and open mapping theorems. 
(i) f : E + F is nearly continuous if and only if f * : D -+ L,(E) is continuous 
where D carries the subspace structure from CC,(F); 
(ii) f : E + F is continuous and nearly open if and only if f * : L,(F) -+ L,(E) is 
an embedding; 
(iii) A4 is aw* closed in L(F) if and only if M is closed in L,(F); 
(iv) F is fully complete if and only if every closed subspace 1M of L,(F) is weak-* 
closed. 
Proof of Ptik’s closed graph theorem. Since f : E + F is nearly continuous, f * : 2) -+ 
CC,(E) is continuous. Then V is closed in L,(F) and, since F is fully complete, D is 
weak-* closed in L(F). But f has a closed graph so V is weak-* dense in L(F). Thus 
2) = L(F) and f* iLC(F) + L,(E) is continuous. But then so is f** : 13,13,(E) -+ 
CCL,(F), i.e., f ** : E -+ F. Since the extension f ** off to ,!? is continuous, so is f. q 
Proof of Ptik’s open mapping theorem. Since f : E + F is continuous and nearly 
open, f’ : CC,(F) -+ CC(E) 1s an embedding. Thus the range f * (L,(F)) is a closed 
subspace of L,(E) and, since E is fully complete, weak-* closed as well. But then 
f** : CCL,(E) + CCL,(F) is open, i.e., f : E -+ F is open [5]. 0 
In both of the above proofs, the continuity and openness of f is obtained from that of 
f **. They are genuinely bidual results. 
The aw* closed sets in L(E) and the corresponding aw* open sets define a topology 
on L(E), the almost weak-* (aw*) topology. This is the topological modification of 
L,(E), the finest topology on L,(E) coarser than continuous convergence. It is NOT in 
general compatible with the vector space operations. The LCS modification of L,(E) 
is always CC,,(E) the compact-open topology [21]. We have continuous lifted identity 
mappings 
L,(E) --j &w*(E) -+ L,(E). 
Although the aw* topology is not, in general, a locally convex topology it is known to 
be compatible in one very important case: 
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Banach-Dieudonnk theorem (cf. [23, p. 1511). 1’ E is a Frkchet space, J&,,*(E) = 
J%(E). 
It has been a source of considerable frustration for functional analysts that the uw* 
topology does not yield a locally convex space. Some, seeing the duality properties of 
this topology, used it as a “dual topology” in spite of its incompatibility. Here again, the 
appropriate structure is continuous convergence. 
3. The Banach-Steinhaus theorem 
Denote by L,(E, F), L,,(E, F) and L,(E, F) the space of continuous linear map- 
pings from E to F equipped with the topology of pointwise convergence, the compact- 
open topology and the continuous convergence structure respectively. Again, we have 
continuous lifted identity mappings 
L(E, F) -+ L,(E, F) + L(E, F). 
There are different versions of the Banach-Steinhaus theorem. In the usual variations, 
E is a barreled locally convex space and F any locally convex space. Then one obtains 
(see, e.g., [24, p. 3481): 
(I) if H is bounded in L,(E, F), H is equicontinuous; or 
(II) if a filter 3t + h in L,(E, F) and X contains a set H bounded in LC,(E, F), then 
%l -+ h in L,,(E, F). 
We call a pair of convergence vector spaces (E, F) a Banach-Steinhaus pair if H 
bounded in L,(E, F) implies H is equicontinuous in C(E, F). A convergence vector 
space E is barreled if (E, K) is a Banach-Steinhaus pair, i.e., if H weak-* bounded in 
L(E) implies H is equicontinuous in L(E). 
An immediate sharpening of II) can be obtained. 
Theorem. Let (E, F) be a BanachSteinhaus pair of convergence vector spaces. If 
‘?l + h in LC,(E, F) and X contains a set H bounded in C,(E, F), then 7-1 + h in 
UE, F). 
In moving from LCS to CVS, it is possible to vastly extend the scope of the Banach- 
Steinhaus theorem. In a locally convex space it is uncommon for convergent filters to 
contain a bounded set. It is true, of course, that convergent sequences are bounded but, 
apart from Frechet spaces, convergence in a locally convex space is not usually deter- 
mined by sequences. Such is not the case in convergence vector spaces. These phenomena 
do occur and frequently enough to warrant names. A convergence vector space is called 
locally bounded if every convergent filter contains a bounded set. A convergence vector 
space is called first countable if, for each convergent filter, there is a coarser convergent 
filter with a countable basis. 
R. Be&tie / Topology und its Applications 70 (1996) 101-I 11 107 
Theorem [7]. Let E, G be convergence vector spaces, E barreled. 
(i) If G is locally bounded, then (E, 13,(G)) is a Banach-Steinhaus pair 
(ii) If E, G are first countable, then (E, L,(G)) is a Banach-Steinhaus pail: 
Note that part (i) already encompasses the locally convex space version since, if F is 
a locally convex space, F = &L:,(F) and G = C,(F) is locally compact. 
One of the very important applications of the Banach-Steinhaus theorem is to obtain 
(joint) continuity of separately continuous linear mappings. In LCS this is difficult. Except 
for Frechet spaces and their strong duals, one generally cannot obtain (joint) continuity. 
The best one can usually hope for is hypocontinuity [17, p. 358ffJ. 
Things are somewhat different in CVS. Let S(E x F, G) and B(E x F, G) denote 
respectively the separately continuous and (jointly) continuous bilinear mappings from 
E x F into G. Then 
S(E x F, G) = ,C(E,L,(F,G)) 
and 
B(E x F, G) = IC(E, 13,(F, G)) 
and the Banach-Steinhaus theorem can be used with some effect to obtain continuity. 
Theorem [7]. Let E, F, G, Z be convergence vector spaces, E barreled and G = L,(Z). 
Suppose any of the following situations hold: 
(i) F and Z are locally bounded, or 
(ii) E, F and Z are first countable, or 
(iii) E and F are jrst countable and G is a locally convex space. 
Then every separately continuous bilinear mapping b : E x F --+ G is (jointly) continuous. 
4. Applications to distributions 
Distributions are home to some important bilinear mappings-evaluation, multipli- 
cation and convolution. Usually these bilinear mappings are hypocontinuous but not 
(jointly) continuous. We show that, if some of the spaces of test functions and distribu- 
tions are slightly restructured, these mappings become (jointly) continuous. 
Let & = E(0), as usual, denote the FrCchet locally convex spaces of infinitely differ- 
entiable functions on an open set 0 in R” and C,(E) its continuous dual. Let (K,) be 
an increasing sequence of compact subsets of fl with 52 = lJKn. Let VC be the CVS 
inductive limit of V(K,) = {p E & 1 supp cp c Kn}. Finally let _&(VC) be the continu- 
ous dual of VD,. Then these convergence vector spaces C,(E), V,, C,(VJ are related to 
the classical spaces &‘, V, V’ as follows: 
l &J&j, VC, &Q%J are identical as sets with E’, V, 2)’ respectively; 
l &4&j, VD,, &(VD,) h ave LCS modification E’, V, 2)’ respectively; 
l CC(E), VD,, ,M%) are sequentially isomorphic to E’, V, 2)’ respectively. 
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On the other hand, the convergence vector space &(E), V,, -C,(2),) have some very 
attractive properties. All are barreled, continuously reflexive, fully complete and first 
countable convergence vector spaces (even second countable). (See [8].) As a result, one 
obtains: 
Theorem [7]. Let E, F, G be any of the convergence vector spaces, E, L,(E), D,, &(DC). 
Any separately sequentially continuous bilinear mapping b : E x F -+ G is (jointly) con- 
tinuous. 
Examples. (1) Evaluation ev : &(E) x & -+ K of a distribution with compact support at 
a CM function. 
(2) Multiplication . : E x &(D,) of a C” function and a distribution. 
(3) Convolution * :&(E) x &(DD,) -+ ZJD,) of a distribution with another distribu- 
tion of compact support. 
A similar situation occurs in the context of the Fourier transform. Let S be the Frechet 
space of rapidly decreasing functions and &(S) its continuous dual, the space of tem- 
pered distributions. If the spaces 0~ of multipliers and 0: of convolution operators [ 171 
are restructured with their canonical convergence vector space structures instead of the 
classical locally convex space topologies, the resulting convergence vector space 0,~ 
and L,(O,) satisfy: 
l c,(S), OM > Lc(oc) coincide with S’, OM, 0: as sets; 
l &(S), 01\,1 and L,(O,) have LCS modification S’, OM, 0: respectively; 
l c,(S), OM and &(oc) are sequentially isomorphic to S’, OM, U:. 
But the convergence vector space C,(S), CM, L,(c?,) are all first countable, the 
Fourier transform F : o&f + C,(O,) is an isomorphism and the following exchange 
diagrams are commutative and (jointly) continuous. 
CMXS-S OM x L,(s) B Cc(S) 
IFxF IF 
L:,(O,) x s Ls 
c (o ,i’;;, JF 
c cxc *_ L(S) 
It is worth noting that the mappings are not all continuous when the classical locally 
convex topologies are used. 
5. The Hahn-Banach theorem 
CVS is so much larger than LCS that it should be no surprise that many results which 
hold for all locally convex spaces fail to have that full generality in the larger setting. 
An important case of this the Hahn-Banach theorem. 
Theorem (LCS Hahn-Banach theorem). Let E be a locally convex space, M any sub- 
space of E. Let cp : M -+ K be a continuous linear functional. Then there is some 
11, E L(E) such that I/JIM = cp. 
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Thus the Hahn-Banach theorem is the surjectivity of the restriction mapping from 
L(E) + L(M). 
The following theorem gives the strongest “general” Hahn-Banach result in CVS that 
one can hope for. Similar results hold in BVS [20]. 
Theorem (CVS Hahn-Banach theorem). Let E be a convergence vector space. Every 
closed subspace M of E has the Hahn-Banach extension property if and only if every 
closed subspace of E is weakly closed. 
This has a particularly interesting interpretation when E is the continuous dual E = 
L=(F) of a complete locally convex space F. Then the following are equivalent: 
(i) all closed subspaces M of L,(F) have the Hahn-Banach extension property; 
(ii) all closed subspaces M of L,(F) are weal-* closed; 
(iii) F is a fully complete locally convex space. 
Thus extension properties in the continuous dual L,(F) of a locally convex space F 
correspond to closed graph and open mapping properties in F itself. 
This is reflected further in the fact that closed subspaces M of L,(F) are them- 
selves L,_(G) for some complete locally convex space G and the restriction mapping 
L,LC,(F) -+ CCL,(G), i.e., F -+ G is nearly open. When M is weak-* closed, F + G 
is actually open [S]. 
Since any Frechet space is a fully complete locally convex space, we have: 
Theorem. If F is a Frkchet space, all closed subspaces of CC,(F) have the Hahn-Banach 
extension property. 
One setting that has received a good deal of attention is that of CVS inductive limits 
E = ind E,, particularly CVS LF spaces and LB spaces, inductive limits of Frechet or 
Banach spaces. Here the Hahn-Banach problem is very difficult. It translates to a difficult 
problem in locally convex space theory: extending linear functionals on a subspace M 
of (LCS) ind E, whose restriction to each M n E, is continuous to a linear functional 
on E whose restriction to each E, is continuous. Closed subspaces M of (CVS) ind E, 
with the Hahn-Banach property are called well-located in locally convex space theory 
1141. 
6. Partial differential equations 
It has become part of the folklore in convergence vector space theory that the CVS 
Hahn-Banach theorem is related to the problem of solving partial differential equations 
in locally convex spaces. This is indeed so. One can easily translate the problem. 
Let Q be an open subset of R” and P(X) a polynomial with constant coefficients 
in n variables. The surjectivity of the differential operator P(D) : E(R) + E(G) is the 
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surjectivity of P(D) = P(D)“:&L,(&(fi)) --+ C,C,(E(fl)). This is solved by the 
CVS Hahn-Banach theorem provided 
0) P(D)’ : L(E(f4) -+ LC,(&(_Cl)) is an embedding (so that the range (P(D)’ 
&(&(Q))) is a closed subspace of &(E(fl))). 
(ii) The CVS Hahn-Banach theorem holds for closed subspaces of .&(&(Q)). 
The question of embedding turns out to be the case if R is P-convex (P(D)-convex) 
[16]. And for&(&(Q)) th e convergence vector space Hahn-Banach theorem does hold 
for closed subspaces since E(R) is a Frechet space. 
The same problem on the distribution spaces, P(D) : D’(.fl) -+ D’(O), is a much 
more difficult situation. Again this translates to the problems of 
(i) P(D)’ : DC(O) 4 DC(a) is an embedding, 
(ii) the Hahn-Banach theorem holds for closed subspaces of Do,(n). 
The embedding, as before, is the condition that 0 be P-convex. But, as mentioned in 
the previous section, the Hahn-Banach problem in convergence vector space CF spaces 
and fX3 spaces is very difficult. Some results are known [9,19] but the problem remains 
a very challenging one. 
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